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Abstract. We show that the canonical height function defined by Silver- 
man does not have the Northcott finiteness property in general. We de- 
velop a new canonical height function for monomial maps. In certain cases, 
this new canonical height function has nice properties. 

1. Introduction 

Height functions measure the arithmetic complexity of certain algebraically de- 
fined objects. They play a important role in Diophantine geometry, Diophantine 
approximation and arithmetic dynamics. The theory of canonical heights for a 
morphism / : ¥ N — > P N is quite well known. 

For a dominant rational map, it is more difficult to define and study canonical 
height functions. A case which people have studied and understood is the case 
of regular affine automorphisms, see [SHE]- Recently, Silverman [TT] developed the 
theory of canonical height functions for general dominant rational maps. He also 
studied the behavior of canonical height functions in the case of monomial maps. 

More precisely, for a dominant rational map tp : ¥ N P^, the first dynamical 
degree of tp is defined as 

<L = lim &eg(tp n )~ . 

n—too 

Now assume that tp is defined over Q, one needs a strong conjecture that the 
following infimum 

deg(<p") 



i = m{£ > o i sup 7 ; n ' < oo} 

„>i n^d™ 

exists (It is also conjectured that the infimum is an integer satisfying < £ v < N, 
see pH Conjecture 2]). Also, define F N {Q) ip to be the set of points in P Ar (Q) whose 
forward image is always well defined. Assuming that the conjecture is true, then, 
for P e P (Q)m) we define the canonical height of P with respect to tp by 

h+(P)=limsup^ w h(tp n (P)). 

Notice that our notation for canonical height is slightly different from the notation 
in [TT], where the author uses h v (P). 

For general dominant rational map, the above conjecture is still open. On the 
other hand, for monomial maps, the conjecture is true, and the degree sequence is 
well-understood. Given a matrix A with integer entries we associate a selfmap ipA 
on the algebraic torus G^(Q) by the formula 

t PA\ x li ■ ■ ■ ) X N) — {X\ X N ' i x l N )• 
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The map ipA ■ G^(Q) — > G^(Q) is called the monomial map associated to A. 
The dynamical degree of ipA equals the spectral radius of A (see [H Theorem 6.2], 
or [9J Theorem 6.2]) and the value t VA is a number < l v < N — 1 determined 
by the Jordan form of A (see [H Theorem 6.2]). The canonical height function for 
monomial maps is studied in 

An important property we want for the height function is the Northcott style 
finiteness property. It states that there should be only finitely many points for 
given bounded height and bounded degree. More precisely, for monomial maps tpA 
on G^(Q), given B > and D > 0, we would want the set 

{P E G£(Q) I h+(P) < B and [Q(P) : Q] < D) 

to be finite. However, in this paper, we prove that the canonical height func- 
tion does not always satisfy the Northcott finiteness property, see Example [3] and 
Proposition 01 

Next, we try to modify the definition of canonical height so that it will have 
the desired property. The construction we use is inspired by the earlier work of 
Silverman on K3 surfaces [12] , and the later work of Kawaguchi and Lee on regular 
affine automorphisms [BHS]. That is, we not only look at the height growth for the 
forward orbit, but we also look at the backward orbit. The problem is that a mono- 
mial map ip a is generally not birational, hence we need to make some modification 
to define the backward canonical height, then the total canonical height is defined 
to be the sum of the forward and the backward canonical heights. 

In section [3l we define and study the total canonical height function. It has a 
uniqueness property (Theorem [7|), and for a class of monomial maps, it is bounded 
below by the height of the point (Theorem [101) ■ Thus, we have a Northcott finite- 
ness property and a lower bound estimate for total canonical height for this class 
of monomial maps. This class of maps includes all diagonalizable matrices in di- 
mension 2, and a major class of matrices in dimensions 3 and 4. 

For a non-diagonalizable matrix A, the canonical height function of (fA has some 
strange behavior. We study a case of such maps thoroughly in section [H Namely, 
we study the case where A has only one (real) eigenvalue. We show that, in this 
case, the map (fA will preserve a fibration, and the canonical height function is 
constant on each fiber, i.e., it only depends on the base. This also shows how the 
geometry of the map controls the arithmetic. 

Finally, in the last section, we show that the total canonical height function we 
proposed is still not the ultimate solution to all monomial maps. Therefore, a more 
refined theory of canonical height function for monomial maps is still needed to be 
developed. 

Acknowledgements. The paper was developed when both authors visited the 
Institute for Computational and Experimental Research in Mathematics (ICERM) . 
We would like to thank ICERM for the hospitality and support. We would also like 
to thank Liang-Chung Hsia and Joseph H. Silverman for helpful discussions and 
comments. 

2. Properties of Canonical Height Functions 

First, we define some notations. Throughout this paper, we write Mat^-(Z) for 
the N x N matrices with integer coefficients and nonzero determinant. We use the 
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notation 

diag(Ai,--- ,Ajv) 

to denote the diagonal matrix with diagonal entries Ai, • • • ,Xn- We always use 
P = (xi, • • ■ ,xn) to denote a point in G^(Q). For simplicity, we write 5a = 5 VA 
and I a = £tf> A f° r a monomial map ip A \ the number I a + 1 is the size of the largest 
Jordan blocks for those eigenvalues of A with modulus 5a- 

Recall from the introduction that, for a point P = (x%, . . . , Xn) £ G^(Q), the 
canonical height of P with respect to ipA is defined as 

KJP) = h+ A(P) ■■= Hmsup -±-h{ifr{P)). 

n— >oa It (>A 

Example 1. A simple example is for d > and A = d-Iw, we have lpa(xi, • • • , xn) = 
(xf, • • • , xff), and since 

h(xf, ■ ■ ■ ,x d N ) = d ■ h(x 1) ■ ■ ■ ,x N ), 

we have 

/ l +(P)=limsup^P = ft(P). 

Example 2. We still assume d > 0, but now let A = —d ■ 7jv- Then we have 
<Pa(xi, ■ ■ ■ ,%n) = [x^ d , ■ ■ ■ ,x]f), thus 

„ J {xf ,■ ■ ■ ,x% 1 ), if n is even; 

<p A (x lr ~,x N ) - ( ,...,„--•), if n i S odd. 

On the other hand, the dynamical degree 5 A = \—d\ = d. The sequence { h ^ v ^ P ^ }^Li 
has two limit point, namely, h(P) and h(P^ 1 ). Therefore, the canonical height is 
the maximum of the two, i.e., 

h+{P) = max{h(P),h(p- 1 )}. 

Several properties for the canonical height function has been proved by Silverman 
ill HI]: 

(1) < l+(P) < oo. 

(2) h+(cp(P))=5 ip -h+(P). 

(3) If P € PrePer(^), then h+(ip(P)) = 

(4) Suppose A £ Mat^-(Z) is a matrix with p{A) > 1 and suppose the charac- 
teristic polynomial of A is irreducible in Q[x], then for P £ G^(Q), 

P £ PrePer(^) =^> h+(P) = 0. 

Nest, we turn to the Northcott finiteness property. The following example shows 
that, even in G^(Q) (that is, degree = 1), there can be infinitely many points with 
arbitrarily small canonical height. 

Example 3. Let A= ( 1 J , so ip A {x,y) — (x 2 y,xy), and the eigenvalues of 



1 1 / 

A are Ai = ^1 and A 2 = ^=&. Notice that 



A n = 



, (5+V5)A? + (5-x/5)Ag A? -A? 

oi,i(n) oi,2 (ra) \ = lo -^/E~ 

02i(n) a 22 (n) / I (s-Vs^'+cs+v^a; 
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Therefore, we have the following 

ai,i (n) , oi,2(n) 



log ||x||„ + A „ log||y|kj 



\/5 ^ 



max 

vGM K 



Since g"^" 1 is irrational, for all £ > 0, there exists integers 2/1,2/2 such that 
lyi^ti +2/2 1 < £■ Let P = (2^,2^), then 



Also, observe that P is not preperiodic. Hence, by (TTJ Corollary 31], h\{P) > 0. 
In fact, if we replace the 2 in the definition of P by another prime number, we can 
obtain infinitely many such points with small (but nonzero) canonical height, using 
a similar argument. 

Generalizing the above example, we obtain the following proposition in arbitrary 
dimension. 

Proposition 4. Given A £ Mat^-(Z), suppose its characteristic polynomial is 
irreducible, and all the eigenvalues are distinct and positive. Then, for any e > 0, 
there are infinitely many P £ G^(Q) with < h\(P) < e. 

Proof. We write the matrix A as A — PAP -1 , where 

A = diag(Ai, • • • ,X N ) 

is diagonal with Xi > ■ ■ ■ > X N > 0, B — (bij), and P -1 = (qj). 

Notice that the matrices P and P _1 are not unique. However, denote A n — 
(a,j(n)). By the relation 

N 

a i;j( n ) = X/ b i,k c k,jXk, 
fc=l 

we can use Cramer's rule to give a formula for bi t kCk,j- Hence the numbers bi^Ckj 
does not depend on the choice of P, only depend on A. Hence, we can define the 
constant 

R := max{|6i,feC fe)J -|}, 

which only depends on the matrix A. 

Let K be the splitting field of the characteristic polynomial of A. Notice that 
the field K is totally real. We can find a nonzero vector (z%, . . . , zn) € K C 'SL N , 
such that J2f=i c iJ z j — 0- Thus, for all i, we have 

N 

X!'''- 1 '': ■• v = "• 

We can find integers 2/1, ■ • ■ , Vn, not all zero, and a nonzero integer y such that 
\yzi - yi\ < s' for i = 1,- • • ,N. 



CANONICAL HEIGHT FUNCTIONS FOR MONOMIAL MAPS 



5 



For all i = 1, • • • , N, we have the upper bound 

JV N N 

I X / '-- 1 '':,/•'/./ = \y • X 6i . ici J z J ~ X 6i . iCi jyjl 

3=1 3=1 3=1 

iv 

= l^hicijiyzj -yj)\ 

3=1 
JV 

3=1 
AT 

3 = 1 

< NR-e'. 
Let P = (2« , . . . , 2™), then we have 

fc+(P) = limsupi/^P)) 

= limsup V max {0,V-^-^-^ log || 2* ||„} 

V&M K j = 1 

N 

= X max^EkiCi^logp^llJ 

v£Mk 3 = 1 

TV 

< 2 l°g( 2 ) i max r {|E^,i c i,3y3)l} 

3 = 1 

< 21og(2)iVP-e'. 

Let e = 2 iog(2)iv_R ' then /^(P) < e. Also, observe that P is not preperiodic. 
Hence, by [TTJ Corollary 31], h\{P) > 0. This completes the proof. □ 

Remark 5. The proposition also implies that a lower bound of Lehmer type does 
not exist for h\. 



3. The Total Canonical Height Function 

In this section, we construct a modified version of canonical height functions for 
monomial maps. Our method is motivated by the construction in [6-8,12 . The 
function we construct is called the total canonical height function, and it has all 
the properties we want for two-dimensional semisimple monomial maps and certain 
cases of three dimensional monomial maps. 

First, we are going to define the backward canonical height. For A g Mat^-(Z), 

let 

A' = | det(A)| • A- 1 = sgn(det(A)) • ad(A), 

where sgn(.) is the sign function, and ad(A) is the classical adjoint matrix of A. 
Notice that A' € Mat^(Z), and if det(A) ^ 0, then det(A') = det(A) Ar " 1 is also 
nonzero. 
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Definition. The backward canonical height of P E G^(Q) with respect to ipA is 
defined as 

The motivation of the definition is as follows. First, we would want to define 
h A (P) as /i^-i(-P), but in general, A -1 G Matjv(Q) may not have integer entries. 
This means, in particular, that Pa- 1 involves taking roots of complex numbers, and 
is a multi-valued function. However, for any two Q, Q' with <pa(Q) = Va(Q') = P, 
there are roots of unities Ci> * * ' > Cn such that Q ■ (£1, • • • , (n) = Q' ■ Thus h(Q) — 
h(Q'), and the height h(<pA-i(P)) is indeed well-defined. 

If we try to define h A using h(ip A -i(P)), we will still encounter the problem 
of what the dynamical degree of ip^ 1 should be. One might be able to settle this 
problem by applying the language of correspondences and the theory dynamics 
of correspondences, see, for example, the work of Dinh and Sibony [2]. But for 
monomial maps, one can avoid this problem by the following observation. 

Notice that, in the Example [U for a positive integer d, taking d-th power to 
each coordinate does not change the canonical height. Also notice that by Ex- 
ample [3J taking a negative power will change the canonical height. Thus, we let 
d = | det(A)| > 1 and obtain the matrix A' with integer entries. 

In fact, the matrix A' is also used by the first author to show a duality for pullback 
map on complimentary dimension for monomial maps, see jlOl Proposition 3.1]. We 
will show in the following that this definition indeed gives the desired property for 
canonical height functions as well. 

Finally, we define the total canonical height by 

h A (P) :=h+(P) + h A (P). 

The following standard properties of hA can be deduced from the corresponding 
properties for h A . 

Proposition 6. For A G Mat^(Z), we have 

(1) < h A (P) < co. 

(2) Suppose the characteristic polynomial of A is irreducible and p{A) > 1 . 
Then for Pe G£(Q), 

h A (P) = P G PrePer(yu) 

Proof. Part (1) is a direct consequence of the corresponding property for h\ and 
h\,. 

For part (2), if h A {P) = h\{P) + h' A {P) = 0, then h\(P) = 0. By [TTJ Corollary 
31], we know P G PrePer^^). Conversely, the given conditions on A implies that 
both eigenvalues of A are not roots of unity. So by [H] Proposition 20(d)], all 
coordinate of P are roots of unity. This means P is a preperiodic point for both 

ip a and tpA' , so 

h+{P) = h- A (P)=0. 

Hence h A (P) = 0. □ 

Theorem 7. Suppose A G Mat^(Z) satisfies p(A) > 1, and denote D = \ det(A)| = 
|Ai • ■ • Xn\- Then 
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(1) For all P e &%{Q), we ftaue 

h A {if A (P)) , ft A ( VA ,(P)) 



|AiAjv| D V|Ai| |Ajv|- 

(2) Moreover, h A enjoys the following uniqueness property: if hi is another 
function satisfying (1) and h' = h A + 0(1), then hi = h A . 

Remark 8. Notice that, when N — 2, the equality in (1) takes the simple form: 

h A ( VA (P)) + h A (tp A ,(P)) = (|Ai| + |A 2 |) • h A {P). 

Proof. First, for all P G G^(Q), the following holds: 

ip A (<PA>(P)) = <Pd-i n (P) = <Pa'(va(P)), 

also notice that 

5a = | Ai|, 5a' = |Ai . . . Ajv_i|. 
As a consequence, one has 

= llmsu P TTT^ = limsup -_ 

h^u.^jp)) hj^jPT) 

= hm sup r — = hm sup -— [ 

™ P <5a (n-iy-ST 1 S A 

D-h + A {P) 
I Ai | • 



Similarly, 
Therefore, 



hU^A(P)) = D 'f^ P) =\\N\-h+(P). 



h A ( VA (P)) h A (ip A ,(P)) 

|AiAjv| D 

h+(<p A (P)) h+(<p A (P)) h+(<p A ,(P)) h+(<p A ,(P)) 

|AiAjv| |AiAjv| D D 

h+(P) h+(P) , ^(P) , h+(P) 



|Ajv| |Ai| |Ai| |Ajv| 

We claim that 



1 1 1 
+ < 77-r + 



|AiAjv| D |Ai| |Ajv|' 
Assuming the claim, let us prove the uniqueness of h. Suppose hi is another function 
with properties (1) such that g h A ~ h' is bounded on G^(Q). Let 

M :— sup \g{P)\. 

P€G«(Q) 
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Then 



|AiA 



AM 



1 

D 



< 



sup 

sup 
1 



(|Ai| 



M < 
1 



A 



N 



1 1 



g(P) 



M 



-i— g(<p A (P)) + ^9(<PA>(P)) 



|AiA 



N 



1 

D 



M. 



This implies M — 0, hence h' = h A . 

It remains to prove the claim. Notice that it is equivalent to the following 
inequality. 

D + |AiAiv| <D- (lAil + lAjvl). 
There are three cases to be considered: 



D > |Ai|, |Ai| > D > \X N \, and |Ajv| > D. 



> |AiA 



N 



For the first case, we have -D|Ai| > D (since |Ai| > 1) and -D|Ajv| 
ThusD- (|Ai| + |A w |) >D + |AiAjv|. 

As of the second case, we have (|Ai| — D)(\X^ \ — D) < and since D £ N, we 
know that —D 2 + D < 0. Thus wc have 

{\\ 1 \-D)(\\ N \-D)-D 2 + D<0, 

which implies the required inequality. 

In the last case, we have the inequality D — ]X=i |A»| > D N . Thus D = 1. 
Therefore (|Ai| - 1)(|Ajv| - 1) < because p(A) > 1. Hence 1 + |AiAjv| < |Ai| + |A w | 
and this completes the proof of the claim. □ 

For a point P £ G^(Q), one might want to know how fast the height function 
grows in the orbit {ip n (P)}^ =1 . As an application of the above theorem, we obtain 
a linear recurrence relation of the height sequence {/ia(^(-P))}5^Li in the following. 

Corollary 9. Suppose A £ Mat^(Z) satisfies p{A) > 1 and P £ <G^(Q). Then 

h A { v n A +2 {P)) - (|Ai| + |A*|) • h A { v n A +1 {P)) + |ArA w | • h A (v n A (P)) = 
for all n > 0. Moreover, we have 

|AiAjv| — |A"Aat| 



|A?| 



IAiI-IAjvI 



X " n1 h A (<p A (P)). 



Proof. Notice that 

h A (if D . lN (P)) = D-h A (P). 
If we replace the P in Theorem [7] by i^ +1 (P). Then, we have the following 







(|Ai| 



h A (^(P)) 
\\i\n\ 
h A (y A ,{^ A + \P))) 
D 

h A (^ A +2 (P)) 



|Aa| 



■h A (^ +1 (P)) 



|AiA 



N 



|AaH 
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Hence 



MtfTW) - (|Ai| + MhAivT^P)) + \\i\N\h A (v n A (P)) = o. 

Define the sequence H n := }ia{^Pa{P)), then H n = ci|Ai|™ + C2|Aat|" by the 
recurrence relation. We can solve c\ and ci by the initial data H n = Jia{P),Hi = 
fiA(<PA(P)), and obtain that 

Hi - \\n\Hq |Ai|g -gi 
Cl |Ai| — |Ajv| ' ° 2 lAil-M ' 

This gives the above expression for H n = h A {f A (P))- ^ 

Theorem 10. Suppose A e Mat^-(Z) is diagonalizable. 

(1) If all the eigenvalues of A have the same modulus, then 

h+(P) > h{p). 

(2) If the eigenvalues of A have only two different modulus, then 

h A {P) > h(P). 

Proof. Write the matrix A as A = BAB -1 , where 

A = diag(Ai, . . .,X N ) 

is diagonal with | A x | > . . . > | Ajv | - 

For part (1), we have |A| = | Ai | = . . . = | Ajv | - We can find a sequence of positive 
integer {n r }^ =1 such that 

A n r/lM n r ^ ^ 

Therefore, we have the following: 



h\ (P) = lim sup 



Kv n A {P)) 



> lim 

r— >oo 



|A|" 



lim y max (0,V ^^logll^llJ 

vEM K j=l 1 1 

max lO^ogHxilU 



v£M K 

= HP). 

For (2), assume |Ai| = ... = |A io | = |A| > \fj,\ = |A io+ i| = ... = |Ajv| where 
1 < io < N. We can find a sequence of positive integer {n r }'^L 1 such that 

A n r/ ^n r ^ B diag(l^__l,0 1 __0)B- 1 = (a^). 

io N~i a 

Therefore, we have the following: 



h\{P) = lim sup 
n— y 

> lim 



|A|» 

\\\ n r 
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= lim V max {0,V ^[ r log ||xj||„} 

r— >oo *— » Ki<iV * — * |A| r 



uGA/k j- 
N 

= 53 1 ^^ f {°'^2 a id ] °s\\ x 3\U}- 

Notice that 8a> = n N ~ %a ~ 1 \. We can find another sequence of positive integers 
{n s }^L\ such that 

A' n >/8%, -> PdiagtCV^W^p- 1 = (&,,•)■ 

Therefore, we also have 

h- A (P) = h+,{P) 

= km sup 

n— »oo O^/ 

> hm^Zm) 

7 — >oo A i 



N / / \ 



= lim 51 rca*{ >y) log ll^j lk> 

r— >oo * — ' 1<»<A * — ' 0,1/ 
v£M K j=l A 

N 

= 53 max {0,^A,j log||x 3 ||,,}. 

* — ' l<t<N ^ — ' 
vEMk j=l 

One has the relation (ctij) + (ftj) = Jjv, hence 
^(P) = h+(P) + h A (P) 

N 

> ^^{0,^04,3 log + 
h£Mk i=l 

53 1™< A^ ' 53 ^ J l0g 1 1 X 3 1 1 v } 

v£M K j=l 

N 

- 53 i^^ ^^' +Aj) 1o S \\ x i\\v} 

v£M K j=l 

> 53 maxiO^ogH^IU} 

z — * Kt<N 

= KP) 

This concludes the proof. □ 
The bound in Theorem 1 1 1 has some nice consequences. 

Corollary 11 (Northcott finitcncss property). If A satisfies either (1) or (2) of 
Theorem \1(A then for a bounded degree and bounded total canonical height, there 
are only finitely many points in within these bounds. More precisely, given 

any B > and D > 0, we have 

#{P€G^(Q)|[Q(P):Q] <D and h A (P) < s} < oo. 
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Since the total canonical height function is bounded below by the usual height 
function, any lower bound on h(P) will immediately induce a lower bound on h A (P). 
This is summarized in the following corollary. For more about Lehmer type lower 
bounds, see [TJ|3]. 

Corollary 12. If A satisfies either (1) or (2) of Theorem \l(A then any Lehmer type 
lower bound for h(P) will induce a Lehmer type bound for h A {P), and the bound 
does not depend on A. 

Before we state the next property for h A , we need to introduce some notation. 
Two real-valued functions A and A' on G£(Q) are said to be equivalent if there 
exist positive constant C\,C<i such that 

dX(x) < X'(x) < C 2 X(x) for all x £ G*(Q). 

We use the notation A x A' to denote this equivalence. 

Corollary 13. Suppose A g Mat^(Z) satisfies either (1) or (2) of Theorem \10\ 
and p(A) > 1. Then h A ~h on G^(Q). 

Proof. By Theorem [TUl h(P) < h A (P) for all P e G^(Q), so we can simply let 
C\{A) ~ 1. Also, there exists a C2(A) by [TTJ Proposition 24] such that 

h\{P) < C 2 (A)h(P) for all P e G^(Q). 

Hence, we proved that h A x h on G^(Q). □ 

Conditions (1) or (2) in Theorem 1101 are quite restricted in general. However, 
they include (almost) all diagonalizable cases in dimension two, and some major 
cases in dimensions three and four. 

Corollary 14. Let A G MatJ(Z) be diagonalizable, and p(A) > 1, thentp A satisfies 
all the conclusions from Theorem \10\ to Corollary \13i 

Corollary 15. 

(1) Given A € Mat^(Z), suppose that A has complex eigenvalues and p(A) > 1, 
then ip A satisfies all the conclusions from Theorem \10\ to Corollarv \lS\ 

(2) Suppose A € Mat^Z) is diagonalizable, with eigenvalues two pairs of con- 
jugate complex numbers, and p{A) > 1, then ip A satisfies all the conclusions 
from Theorem \10\ to Corollarv \lS\ 

4. Monomial Maps associated to Non-diagonalizable Matrices 

4.1. Tow-dimensional non-diagonalizable matrices. Both the canonical height 
function and the totally canonical height function will encounter some problems in 
the non-diagonalizable cases, even in dimension two. We will first illustrate the 
problems by a concrete example, then we will show what happens in general. 

Example 16. Consider A = f ^ , P = (x,y), so ip A (x,y) = (x 2 y,y 2 ). We 

have the following 

h\{P) = = h- A (P) and h A (P) = 2h\{P) = h(y). 
We observe the following two phenomena. 
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(1) If P = (x, y) with y a root of unity, for instance, P = (2, 1), then 1ia(P) = 
h\(P) — but P may not be a preperiodic point. 

(2) Since both the canonical height and the total canonical height only depend 
on y, the Northcott finiteness property obviously fail in this example. 

We remark that for (1), given a non-diagonalizable 2x2 matrix A with p(a) > 1, 
the points P £ G^(Q) such that h\{P) = is characterized by Silverman. 

Theorem 17 (Silverman [TT]). If A = ^ a ^ ^ £ Mat^(Z) is not diagonalizable, 

and X is the eigenvalue of A, then ftt(P) = if and only if one of the following 
conditions is true: 

(i) P £ PrcPer(^) 

(ii) The coordinates of P = (x,y) satisfy: 
x Cyd-x j s a roo £ Q j un Hy^ if c ^ 0; 
x a-\yb j s a rQO j. Q j un Hy^ i/c= 0. 

For a proof, see [HI Theorem 36] . 

Following the general principle that "Geometry Determines Arithmetic" , as 
stated in [5j p. 2], we will study the geometry of the map to see why this happens. 

Notice that if we define the projection map ir y : (C*) 2 — > C* , (x, y) i-> y, then the 
monomial map is semi-conjugate to the power map ip2 : y i— >• y 2 , as illustrated 
in the following diagram. 



(C*) 2 ■ 



i*\2 



c* ^c* 

This means, the map ifA preserves the fibration defined by the map n y . Then 
we have Iia{P) = 2h\{P) = h(Tr y (P)). That is, the height function actually only 
captures the height growth behavior on the base of the fibration. As a consequence, 
the points P £ G 2 n (Q) with h(P) = are exactly those P such that ^(-P) is a 
preperiodic point. Also, the set of points whose canonical height is bounded by 
D > contains all fibers ir~ 1 (j/o) such that h(yo) < D. 

4.2. Higher dimension. In order to generalize the above observation, we assume 
A £ Mat^(Z) has only one eigenvalue X £ Z. If A is diagonalizable, then A — X-In- 
By Example [1] and [2J one obtains that 

h+(p)-h-(p) - { h{p) ' if A>0; 

n AKT)-n A Kn \ max{h(P),h(p- 1 )}, if A < 0. 

Now, suppose that A is not diagonalizable, so by [HI Theorem 6.2], {I a + 1) is 
the size of the largest Jordan block of A. To simplify the notation, we write I = £a- 
Assume that there are m Jordan blocks of size (£ + 1), then the matrix (A — XI) £ 
has rank m. Let 

* = V { A-Xiy : (C*) N ^ (C*) N ■ 
The monomial map n is not dominant, and the image is an m-dimensional subtorus 
of (C*)^, denoted by T. Moreover, since A commutes with A — XI, we know that 
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the map <pa\t of tpA restricting on T is surjective onto T, and the following diagram 
commutes. 

(C*)" {C*) N 



>Pa\t 

Geometrically, this means that the map ifA preserves the fibration defined by ir. 
The next theorem shows that the arithmetic of canonical height is indeed controlled 
by this fibration. 

Theorem 18. Under the above assumption and notation, we have 

(1) If X > 0, then h+(P) = ^p 1 , and h~ A (P) = ^P - 

(2) If X <0, then h+(P) = h~ A {P) = ^WAP))M<P)-')} 

Proof. First, we will prove the theorem for h A in the case A > 0. Under the 
assumption, we can write A = XI + N, where N is a nilpotent matrix such that 
but N e+1 = 0. Then 



' n 



at, /, r v^/ "L n -Kr(- 71 + (lower order terms) 
A = (XI + N) = 2^ I J A" fe K fe = 2^ • A fe N fe 

k=0 ^ ' fc=0 

Thus, as n — > oo, we have 

4! _ V" ^ - V" + ( lowCT order tcrms ) ¥ fe 

n^A" f^\k ^ n*-k!-X k 

k=0 v 7 fe=0 

~^ £!A r 

Also notice that N = A — XI. Let N e = then 

n e X n 

N 



h A (P) = limsup- 



veM K j=i 
N b 

= E ^P^E^^ii^iw 

veM K j=i 

1 W 
= ZD? E max^O^loglk^-L} 



veM K j=i 

HAP)) 
i\x l ' 

If A < 0, then the sequence { ^rrn has two limit points, namely, ^7 and 
— jfjj. As a consequence, the sequence ^i^f^ also has two limit points, that is, 
h ^}^ and '^^l — -, and thus the limsup is the maximum of the two. The proof 
for h A is similar. This completes the proof. □ 
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A direct corollary of the theorem is a characterization of points of canonical 
height zero. 

Corollary 19. Under the same assumption as the theorem, we have 

h A (P) = <{=}► h+(P) = <{=}► h-(p) = 
ft(7r(P)) = 

every coordinate of ir(P) is a root of unity. 

Proof. If any of the Ha, h\, or h A is zero, then by the theorem, one of h(ir(P)), 
h(Tr(P)~ 1 ) must be zero. By the Kronecker's theorem, every coordinate of ir(P) is 
a root of unity, hence the other value is zero, too. □ 

Notice that for the case N = 2, the corollary states exactly the same condition 
as in Theorem [171 

To summarize, we observe that, by Theorem llSl the canonical height of P under 
<f>A depend only on 7r(P). For a point Q € T(<Q>), every point in the fiber 7r _1 (<3) 
will have the same canonical height, so the canonical height function degenerates 
to the height function on a subtorus (the base of the fibration) . As a consequence, 
the Northcott finiteness property does not hold in this case. 



5. Points with Small Total Canonical Height 

A problem for the total canonical height function is that there are still points 
with small height in dimension > 3. Therefore, for higher dimension, a general 
satisfying theory of canonical height functions is still needed. 

Proposition 20. Given A e Mat^-(Z), N > 3, suppose its characteristic polyno- 
mial is irreducible, and all the eigenvalues are distinct and positive. Then, for any 
e > 0, there are infinitely many P € G^(Q) with < hj\(P) < £■ 

The technique to prove this proposition is very similar to the proof of Proposi- 
tion |4l thus we only give a sketch of the proof and omit some detail. 

Sketch of the Proof. The proof is very similar to the proof of Theorem so we 
omit some details. 

Write the matrix A as A = BAB^ 1 , where 

A = diag(Ai, ■ • • ,Ajv) 

is diagonal with Ai>--->Aat>0, B — (bij), and B~ x = (c,j). Define 

R := max{|6j lfe c fc> j|}, 

which only depends on A. 

Let K be the splitting field of the characteristic polynomial of A, so K is to- 
tally real. We can find a nonzero vector (zi, . . . , zjf) € K C R N , such that 
J2jLi c i,j z j — an d ^2jLi c N,j z j — 0. Thus, for all i, we have Y^j=i ^i,i c ij z j = 

We can find integers yi, . . . , t/jv, not all zero, and a nonzero integer y such that 
\yzi - yi\ < s' for i = 1,- • • ,N. 
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For all i = 1, • • • , N, we have the upper bounds 

N N 

i,NCN.jVj\ < NR ■ e'. 

3 = 1 3=1 

Let P= (2" 1 ,..., 2^), then 

n-A (-P) = hm sup — h lim sup -r —— 

n— s-oo Aj n—>oo {^2 ■ ■ ■ Ajv ) 

N N 

< 21og(2)( max {| Vfe^icij^)!} + max . {| V b^ N c N:j y 3 )\} 

\l<i<N *• — ' l<2<iv * — * 

3 = 1 ~ ~ 3 = 1 

< 41og(2)iVJfe / . 

Let e = 4i og (2)Affl an d we are done. □ 
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